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Abstract. Let C be the extended complex plane; G ⊂ C a finite Jordan with 0 ∈ G;
w = ϕ(z) the conformal mapping of G onto the disk B (0; 0) := {w : |w| < 0} normalized






dζ, and let πn,p(z) be





∣∣p dσz in the class of all polynomials of degree not exceeding
 n with Pn(0) = 0, P ′n(0) = 1. In this paper we study the uniform convergence of the
generalized Bieberbach polynomials πn,p(z) to ϕp(z) on G with interior and exterior zero
angles and determine its dependence on the properties of boundary arcs and the degree of
their tangency.
Keywords: conformal mapping, Quasiconformal curve, Bieberbach polynomials, complex
approximation
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1. Introduction and main result
Let C be the extended complex plane; G a finite Jordan domain with 0 ∈ G;
L := ∂G, Ω := extG; w = ϕ(z) the conformal mapping ofG onto the disk B(0; 0) :=
{w : |w| < 0} normalized by ϕ(0) = 0, ϕ′(0) = 1; where 0 = 0 (0, G) is called the
conformal radius of G with respect to 0.
It is well known [22, p. 435] that the unique function minimizing the integral






, p > 0
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[ϕ′(ζ)]2/p dζ, z ∈ G.
Let p > 0. Using a method similar to the one given in [13, p. 137], it is
seen that there exists a polynomial πn,p(z) furnishing a minimum to the integral
‖ϕp − Pn‖L1p(G) in the class of polynomials Pn(z) of degree not exceeding n normal-
ized by Pn(0) = 0, P ′n(0) = 1, and if p > 1 these polynomials πn,p(z) are determined
uniquely [13, p. 142]. We call such a polynomial πn,p(z) the n-th generalized Bieber-
bach polynomial for the pair (G, 0) as in [16]. In the case of p = 2, let us emphasize
that πn,2(z) coincides with the Bieberbach polynomial for the pair (G, 0), see, for
example, [14].
If G is a Carathéodory region, then ‖ϕp − πn,p‖L1p(G) → 0 for n → ∞ [28, p. 63],
and so the sequence {πn,p(z)} converges uniformly to ϕp(z) on compact subsets of G.
Our purpose is to extend the uniform convergence of the sequence {πn,p(z)} to ϕp(z)
on G, and to find a constant γ = γ (G, p) > 0 satisfying the inequality
(1.2) ‖ϕp − πn,p‖C(G) := max
z∈G
{|ϕp(z)− πn,p(z)|}
depending on the properties of G.
In the case of p = 2, the estimate (1.2) has been studied in [17], [20], [25], [29]
when L satisfies certain smoothness conditions, and in [2], [5], [8], [9], [10], [14],
[15], [18], [24] for L having some zero or non zero angles. In the case of p > 2 the
existence of a γ > 0 satisfying (1.2) for some regions with quasiconformal boundary
has been investigated in [16]. In the case of p  p (L) > 1, when L is quasiconformal
and additionally satisfies certain conditions, constants γ > 0 satisfying (1.2) and
explicitely depending on geometric properties of the boundary L have been studied
in [4] and [6]. It is well known, however, that even though the qusiconformal curves
have many properties, they cannot contain zero angles.
In this paper, we propose to study the estimate (1.2) in domains with certain
exterior and interior zero angles.
We begin with some definitions. Throughout this paper, c, c1, c2, . . . denote posi-
tive and ε, ε1, ε2, . . . sufficiently small positive constants which depend on G in gen-
eral.
Definition 1. [19, p. 97] We say that a Jordan curve L is K-quasiconformal if
there exists a K-quasiconformal mapping f of a domain D ⊃ L such that f (L) is a
circle.
Definition 2. A Jordan arc 	 is called K-quasiconformal when 	 is a part of
some closed K-quasiconformal curve.
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Definition 3. [3] We say that G ⊂ PQ (K,α, β), K  1, α  0, β  0, if
L := ∂G can be expressed as the union of a finite number of K-quasiconformal
arcs, K = max
1jm
{Kj}, connecting at points z0, z1, . . . , zm, such that L is a locally
K-quasiconformal at z0 and in the local co-ordinate system (x, y) with origin at zj ,
1  j  m, the following conditions are satisfied:
a) for j = 1, p
{
z = x+ iy : c1x1+α  y  c2x1+α, 0  x  ε1
}
⊂ CG,
{z = x+ iy : |y|  ε2x, 0  x  ε1} ⊂ G,
b) for j = p+ 1,m
{
z = x+ iy : c3x1+β  y  c4x1+β , 0  x  ε3
}
⊂ G,
{z = x+ iy : |y|  ε4x, 0  x  ε3} ⊂ CG
for some constants −∞ < c1 < c2 <∞, −∞ < c3 < c4 <∞, εi > 0, i = 1, 4.
It is clear from Definition 3 that each domain G ⊂ PQ (K,α, β) may have p
exterior and m − p interior zero angles. If a domain G does not have exterior zero
angles (p = 0) (interior zero angles (p = m)), then we write G ⊂ PQ (K, 0, β) (G ⊂
PQ (K,α, 0)).
If a domain G does not have such angles (α = β = 0), then G is bounded by a
K-quasiconformal curve.
We introduce the following notation:
p1 := p1 (K) :=
√

















β1 := β1 (p;K) :=
K2
pK2 + 3K2 + 1
;
β2 := β2 (p;K) :=
√





8 (K2 + 1)
− 1;
K∗ := max {K : β1 < β2} .
Theorem 1. Let p  2 (1 + β0), and assume that G ⊂ PQ (K,α, β) for some
K  1, α < 2/p and β < min{β0; 2/(p+ 2)}, if β0 > 0, and β = 0, if β0 = 0. Then,
for any n  3,
‖ϕp − πn,p‖C(G)  c1
{√
ln lnn (lnn)(2α−1)/(2α) , p = 2,
(lnn)(αp−2)/(2αp) , p > 2.
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Theorem 2. Let p  2 (1 + β0), for β0 = 0, and assume that G ⊂ PQ (K, 0, β)
for some K  1, β < min {β0;β1}. Then, for any n  2,
‖ϕp − πn,p‖C(G)  c2n−γ ,
for each γ with 0 < γ < 1pK2 .
Theorem 3. Let 2 < p < p1, and assume that G ⊂ PQ (K, 0, β) for some K  1,
p






. Then, for any n  2,
‖ϕp − πn,p‖C(G)  c3n−γ ,
for each γ with 0 < γ < 1−2K
2(2β+2−p)
pK2 .
Theorem 4. Let p  2(1 + β̃0), and assume that G ⊂ PQ(K, 0, β) for some




. Then, for any n  2,
‖ϕp − πn,p‖C(G)  c4n−γ ,
for each γ with 0 < γ < 2−(p+2)βp(1+β)(K2+1) .
Theorem 5. Let 2 − 12K2 < p < 2, and assume that G ⊂ PQ (K, 0, β) for some








. Then, for any n  2,
‖ϕp − πn,p‖C(G)  c5n−γ ,
for each γ with 0 < γ < 1−2K
2(2β+2−p)
pK2 .
Theorem 6. Let 32 < p < 2, and assume that G ⊂ PQ (K, 0, β) for some 1 
K < K∗, β1 < β < β2. Then, for any n  2,
‖ϕp − πn,p‖C(G)  c3n−γ ,
for each γ with 0 < γ < 2−(p+2)βp(1+β)(K2+1) − 2p (2β + 2− p).
Remarks.
a) In the case of p = 2, Theorem1 is the same one as in [8] or [9];
b) Theorems 1–6 extend the results in [4, 6] and [16] to domains bounded by a
piecewise quasiconformal curve with zero angles.
c) The statements of Theorems 2, 3, 5, 6 are also correct in the case of p = 2.
However, much better results were obtained in [5].
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2. Some auxiliary facts
Let G ⊂ C be finite domain bounded by a Jordan curve L and let w = Φ(z) (w =
ϕ̃(z)) be the conformal mapping of Ω(G) onto Ω̃ := {w : |w| > 1} ({w : |w| < 1})
normalized by Φ(∞) =∞, lim
z→∞
Φ(z)/z > 0 (ϕ̃(0) = 0, ϕ̃′(0) > 0).
For t > 0, let Lt := {z : |Φ(z)| = t, t > 1, |ϕ̃(t)| = t, t < 1}, Gt = intLt,
Ωt := extLt.
Let L be a K-quasiconformal curve. Then there exists a quasiconformal reflection
α across L such that α(G) = Ω, α(Ω) = G, α fixes the points of L and α satisfies
the condition
(2.1) |α(z)− z′| ≈ |z − z′|, z′ ∈ L,
in some neighbourhood of L [7, p. 76] (see [14, Lemma 1]).
(Here and throught this paper the symbols “ a ≈ b ” and “ a ≺ b ” stand for
c1a  b  c2a and a  c1b for some c1, c2 respectively.)
Lemma 2.1. [1] Let L be a K-quasiconformal curve; z1 ∈ L, z2, z3 ∈ G ∩
{z : |z − z1|  c1d(z1, LR0)}, wj = ϕ̃(zj) (z2, z3 ∈ G ∩ {z : |z − z1|  c2d(z1, Lr0)},
wj = Φ(zj)), j = 1, 2, 3. Then,
1) the statements |z1 − z2| ≺ |z1 − z3| and |w1 − w2| ≺ |w1 − w3| are equivalent.
So are |z1 − z2| ≈ |z1 − z3| and |w1 − w2| ≈ |w1 − w3|;
















and, consequently, for any z3 ∈ LR0 (z3 ∈ Lr0)
|w1 − w2|K
2
≺ |z1 − z2| ≺ |w1 − w2|K
−2
where 1 < R0  2 and r0 = R−10 are fixed constants.
Lemma 2.2. [3, 11] Let L be a K-quasiconformal curve. Then for every z ∈ L
and z0 ∈ G there exist an arc 	(z, z0) in G joining z to z0 and having the following
properties:
i) d(ζ, L) ≈ |ζ − z| for every ζ ∈ 	(z, z0),
ii) for every ζ1, ζ2 ∈ 	(z, z0), if 	̃(ζ1, ζ2)is the subarc of 	(z, z0), then mes 	̃(ζ1, ζ2) ≺
|ζ1 − ζ2|.
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Lemma 2.3. [9] Let L be a K-quasiconformal curve. Then for every rectifiable
arc 	 ⊂ G mes 	 ≈ mesα(	).
Lemma 2.4. [5] Let L be a K-quasiconformal curve, Gε = {z : z ∈ G, d(z, L) <
ε}. Then




Note 2.1. If G is an arbitrary continuum, then we can chose δ = 12 [26, p. 181].
3. Some properties of the domains G ∈ PQ(K,α, β)
Suppose that a domain G ∈ PQ(K,α, β) is given. For the sake of simplicity,
but without loss of generality, we assume that α > 0, β > 0; p = 1, m = 2,
z1 = 1, z2 = −1; (−1, 1) ⊂ G and let the local co-ordinate axes in Definition 1
be parallel to OX and OY in the co-ordinate system; L1 := {z : z ∈ L, Im z  0},
L2 : = {z : z ∈ L, Im z  0}. Then z0 is taken as an arbitrary point on L2 (or on L1
subject to the chosen direction).
We recall that the domain G ∈ PQ(K,α, β) has interior and exterior zero angles
in the neighbourhood of the points z1 = 1 and z2 = −1, respectively. Therefore,
following the argument in [9], we can say that the function w = Φ(z)(w = ϕ̃(z)) for
the domain G ∈ PQ(K,α, β) satisfies the conditions described in Lemma 2.1 in the
neighbourhood of the point z2 = −1 (z1 = 1). So, we can easily get from Lemma 2.1
d(z, L) ≺ (|ϕ̃(z)| − 1)K−2 ; |z − 1| ≺ |ϕ̃(z)− ϕ̃(1)|K
−2
,(3.1)
∀z ∈M1 := {z ∈ G : |z + 1| > ε1},
d(z, L) ≺ (|Φ(z)| − 1)K−2 ; |z + 1| ≺ |Φ(z)− Φ(−1)|K
−2
,
∀z ∈M2 := {z ∈ Ω: |z − 1| > ε2} > ε2 }.
On the other hand, using the properties of the functions w = Φ(z)and w = ϕ̃(z) in
the neighbourhood of the point z1 = 1 and z2 = −1, respectively, (see [9, 12]) we
obtain
(3.2) |z − 1| ≺ [− ln |Φ(z)− Φ(1)|]−α
−1




4. Estimation of the C-norm of polynomials
Lemma 4.1. Let G be Jordan domain, such that for every z ∈ L there exist an
arc γ(z, 0) in G joining 0 to z and having the following properties:
i) mes γ(ζ1, ζ2) ≺ |ζ1 − ζ2| for every ζ1, ζ2 ∈ γ(z, 0),
ii) there exist a monotone increasing function f(t) such that d(ζ, L)  f(|ζ − z|)






‖P ′n‖Lp(G) , p > 0.
 . When p = 2 the proof is given in [9]. In the case p = 2, we use the
familiar methot given in [9]. Let z ∈ L be an arbitrary point. For an ε > 0 small









|P ′n(ζ)| | dζ|+
∫
γ2
|P ′n(ζ)| | dζ| .







for all ξ ∈ G and p > 0, by the mean-value property [22, p. 432]. Therefore, since
mes γ1  c2εn−2 for a c2 > 0 which is independent of ε, we obtain
|P ′n(z)|  c1n2‖Pn‖C(G)
∫
γ1












Using the maximum modulus principle and choosing ε such that εc1c2 < 1, the proof
is complete. 
Corollary 4.1. Let G ∈ PQ(K,α, β) for some K  1, α  0, β > 0. Then








p (2β+2−p), p < 2(β + 1);
lnn, p = 2(β + 1);
c, p > 2(β + 1).
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5. Estimate of Lp-norm for some Cauchy integrals
Let G be an arbitrary Jordan domain and γ ∈ Ω an arc rectifiable except for one
of its endpoints of its z0 ∈ L which satisfies the following conditions:
i) mes γ(ζ1, ζ2) ≺ |ζ1 − ζ2|, for all ζ1, ζ2 ∈ γ;
ii) there exists a monotone increasing function g(t) such that d(ζ, L)  g (|ζ − z0|)
for all ζ ∈ γ.
Lemma 5.1. Let l > 0. .Let on the arc γ a measurable function f(z) be given
such that there exists a monotone increasing function ν(t), ν(0) = 0, with |f(ζ)| ≺





ζ − z dζ, z /∈ γ,



























































G1 = {z : |z − z0|  2	} ∩G;
G2 = {z : 2|ζ − z0|  |z − z0| < 2	} ∩G;
G3 =
{



























For all z ∈ G1 we have










































, p > 1.
For the estimate of the integral on Gk, k = 2, 3, 4, we first apply Minkowski’s in-





















ν2(|ζ − z0|)| dζ|




After that, using the generalized Minkowski’s inequality [27, p. 286] for p > 2, and









ν2(|ζ − z0|)| dζ|


































, p > 2.(5.5)
i) k = 2. Since for all ζ ∈ γ and z ∈ G2
|ζ − z| 
∣∣|z − z0| − |ζ − z0|




∣∣|z − z0| − |ζ − z0|





























































, p > 2.























































, p  2.







































, p > 2.
Using the estimates of the terms Jk, k = 2, 3, 4, introduced above from (5.1)–(5.4)
and using the evident inequality
|a+ b|p 
{
|a|p + |b|p, p  1,
2p−1 (|a|p + |b|p) , p > 1
we finish the proof. 
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{ |ln 	| 1p · 	 2−αp2p , α < 2(1− 1p ); 1 < p  2,
	
2−αp
2p , α < 2p ; p > 2.










2p , β < 2(p−1)2+p ; 1 < p  2,
	
2−(2+p)β
2p , β < 22+p ; p > 2.
6. Continuity of the function ϕp on G
Lemma 6.1. Let p > 1 and assume that G ∈ PQ(K,α, β) for someK  1, α  0;





can be extented to G continuously.
 . It is clear that ϕp(z) is uniformly continuous on every compact subset
of G for all p > 0. Let us show that ϕp(z) is continuous on G. Let z and ζ be two
arbitrary points in G. Which are close to L and w := ϕ(z), τ := ϕ(ζ). Without loss
of generality, we assume that |w|  |τ | and argw  arg τ . Let us set
Γ1(τ, w) := {t : arg t = argw, |w|  |t|  |w| − |w − τ |} ,
Γ2(τ, w) := {t : argw  arg t  arg τ, |t| = |w| − |w − τ |} ,
Γ3(τ, w) := {t : arg t = arg τ, |τ |  |t|  |w| − |w − τ |} .
Then Γ(τ, w) :=
3⋃
j=1
Γj(τ, w) is an arc joining w to τ in B(0; 0) and Γ̃(z, ζ) :=
ψ(Γ(τ, w)) (here ψ is the inverse function of ϕ) is an arc in G joining z and ζ. Since




which takes the value 1
at the point 0), it follows that






Let ξ be a point on Γ̃(z, ζ) and d(ξ, L) be the distance from ξ to L. Then if B(ξ) :=
B(ξ, d(ξ, L)), using the mean-value property [22, p. 432] we get
(6.2) |ϕ′(ξ)|2/p ≺ d−2/p(ξ, L){mesϕ(B(ξ))}1/p, p > 0.
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Using the Lemma 2.4 (see Note 2.1) and [3, Lemma 4] we have
(6.3) |ϕ′(ξ)|2/p ≺ d−2/p(ξ, L){mesB(ξ)}1/(2p) ≺ d−1/p(ξ, L).
From (6.1), (6.3) and using the [1, Lemma 3] we obtain














If |ξ + 1|  cε3, then we get





pK2 |dt| ≺ |τ − w|
p−1
pK2 ≺ |z − ζ|
p−1
pK4
































(p− 1)(β + 1)
pβ
− 1 > 0
by (3.2), (6.4) and (6.3) complete the proof. 
Corollary 6.1. Let p > 1 and G ∈ PQ(K,α, β). Then, for all z ∈ L, ζ ∈ G
|ϕp(z)− ϕp(ζ)| ≺ |z − ζ|1−(1+β)
1
p .






p (ξ, L)| dξ|.
















p (t) dt ≺ |z − ζ|1−(1+β) 1p .

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7. Approximation by polynomials in the Lp-norm
Suppose that a domain G ∈ PQ(K,α, β), α > 0, β > 0 is given. For the sake of
simplicity, but without loss of generality, we take the domain G as in the beginning
of Section 3.
Each Lj, j = 1, 2 is a Kj-quasiconformal arc. Let αj(.) be the quasiconformal
reflection across Lj. Let us also set
γ11 :=
{






























where the constants cj , j = 1, 4 are those from the definition of the class PQ(K,α, β).
It is easy to check from Lemma 2.3 that mes γij(ζ1, ζ2) ≺ |ζ1 − ζ2| for all ζ1, ζ2 ∈ γij ,
i, j = 1, 2.
Let 0 < ε < 1 be small enough and R := 1 + cnε−1. Let us choose points zij ,
i, j = 1, 2 such that they are in the intersection of LR and γij and are the first such
points in L̃1R := {z : z ∈ LR, Im z  0} or L̃2R := LR\ L̃1R (according to the motion on





































γji (R) is a subarc of γ
j





, i, j = 1, 2.
We extend the function ϕp to U1 ∪ U2 in the following way
(7.1) ϕ̃p(z) :=
{
ϕp(z), z ∈ G,




0, z ∈ G,
(ϕ′p,αj ◦ αj)(z)αj,z , z ∈ Uj .













ζ − z dσζ , z ∈ G.
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ϕ̃p(ζ), ζ ∈ L1R ∪ L2R,
ϕp(1), ζ ∈ L3R,
ϕ̃p(−1), ζ ∈ L4R.
Lemma 7.1. Let p > 1 and assume that G ∈ PQ(K,α, β) for some K  1,








, β < p0 := min
{
p− 1; 2(p−1)p+2 ; 2p+2
}
. Then for any
n  3






2αp , 1 < p  2,
(lnn)
αp−2
2αp , p > 2.
Lemma 7.2. Let p > 1 and assume that G ∈ PQ(K, 0, β) for some K  1,
β < p0. Then, for any n  2 and arbitrary small ε > 0




















3K2 + pK2 + 1
 β < p0.
 . The proofs of Lemmas 7.1, 7.2 are similar, we give them together. Since
the first term in the (7.3) is analytic in G, there is a polynomial Pn(z) of degree not














, z ∈ G.
So, from (7.3) we get



































For all p > 1 and β < p− 1,
|ϕ̃p(ζ)− ϕp(−1)| = |ϕp(αj(ζ))− ϕp(−1)| ≺ |ζ + 1|1−
1+β
p , ζ ∈ γ1j (R),(7.8)
|ϕ̃p(ζ) − ϕp(1)| = |ϕp(αj(ζ)) − ϕp(1)| ≺ |ζ − 1|1−
1
p , ζ ∈ γ2j (R),(7.9)





















































j,2 , p > 2,
from Corollary 5.1, 5.2, where 	j,i = mes γij(R), i, j = 1, 2. On the other hand,
according to [21, Lemma 9] we have
d(zj , Lj) ≺ n−
2
K2+1 .















, i = 1, ∀ε > 0,
(lnn)−α
−1
, i = 2.






























2αp , 1 < p  2
(lnn)
αp−2
2αp , p > 2.





(ζ − z)2 dσζ
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For sufficiently large c and small ε0 < 12 , let us set:
V j1 :=
{




V j2 := αj(Uj) \ V j1 , j = 1, 2, α > 0;
Uε0 := {ζ : |ζ + 1|  ε0}; Ṽ 1j := Uj ∩ Uε0 , j = 1, 2, α = 0.
Then, by Lemma 2.4, we obtain
mesϕ(V j1 ) ≺ (lnn)−α
−1














αp , α > 0,
n
ε−1
pK2 , α = 0.
From (7.7), (7.13), (7,14) and (7.16) we get
(7.17)











2αp , α > 0, 1 < p  2,
(lnn)
αp−2





pK2 , α = 0, p > 1
for arbitrary small ε > 0. Now, if P̃n(z) := Pn(z) − Pn(0) + z[1 − P ′n(0)], then we
can easily see that (7.17) is also satisfied for P̃n(z) and P̃n(0) = 0, P̃ ′n(0) = 1. Thus,
we can obtain the proof of Lemmas 7.1, 7.2 by considering the extremal property of
πnp(z). 
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8. The proof of Theorems 1–6
We use the familiar method given in [4, 9, 24].
Lemma 8.1. Suppose that G is a Jordan domain and
{αn} ↓, {βn} ↑, {γn := αnβn} ↓, n→∞,
are sequences such that the following is satisfied: if
‖ϕp − πn,p‖L1p(G) ≺ αn, n = 2, 3, . . . ,
then
‖Pn‖C(G) ≺ βn‖P ′n‖Lp(G), n = 1, 2, . . .
for all polynomials Pn(z) of degree not exceeding n with Pn(0) = 0; and, in addition,
there exists a sequence of indices {nk}∞k=1 such that βnk+1  cβnk , γnk+1  εγnk ,
∀k = 1, 2, . . . for some c  1, 0 < ε < 1. Then
‖ϕp − πn,p‖C(G) ≺ γn.
The proof of this lemma is given similar to those of lemma 15 in [9]. Therefore, by
taking αn from Lemmas 7.1, 7.2, βn from Corollary 4.1 and, in addition, combining
this with G ∈ PQ(K,α, β) in the cases α = 0 or β = 0, we prove Theorems 1–6.
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